Abstract-In this paper, we propose a synthesis method for synthesizing the reconfigurable multiple patterns with the minimum number of antenna elements based on the state space model. The proposed method is to obtain the common element locations for the multiple patterns using fewer antenna elements within desired performance bounds. The proposed approach introduces the statespace method to represent the multiple patterns and then uses the multiple pattern data to construct a combined Hankel matrix which is used to estimate the model parameters from which the number of elements and the common element locations can be extracted. Numerical results show the effectiveness of the proposed methods.
I. INTRODUCTION
Our work is mainly to study the synthesis of a desired multiple patterns with as few elements as possible. Recently, some non-uniform linear array reconstruction techniques are proposed [1] [2] [3] [4] [5] . Despite these synthesis methods give good performance, when applied to the problem of the reconfigurable multiple patterns, those methods failed because of the change of the optimal element locations with different patterns. In this paper, this problem which is solved by the state-space synthesis method will be shown. Note that although the method proposed by Y. Liu et al. in [3] is the base of our method, our method is another implementation which is totally different from the above-mentioned method. By using the proposed methods, we can use a single antenna array to generate two or more radiation patterns, the optimal common element locations can be computed for the multiple patterns and the minimum number of elements can be determined, also the excitations of the multiple patterns can be obtained.
II. DATA MODEL
It is assumed that the reconfigurable linear array antenna be composed of M identical elements with equal spacing d  , which can generate multiple patterns by changing the element locations and phase. Therefore the corresponding array factor is given by 
where  denotes the wavelength,  is measured from the endfire of the linear array antenna, K is the total number of the desired pattern, and can be rewritten as
The array factor is sampled uniformly at N spaced points over the observation range ( 1, 1) u  , then the sampled array factor of the kth pattern is expressed as
According to the sampling theorem [1] , for the Melement uniform antenna array with the half wavelength spacing, In this section, we will connect a relationship between the state space model and the desired sampled multiple patterns. As shown in Eq. (5), the kth sampled array pattern can be considered to be a sum of M complex exponentials. Such a signal is assumed to be the output of a self-generating system. It means that a special ARMA model is employed whose poles are all on the unit circle and input powers are all 0's, which is expressed as
Here we introduce the state space method to model the desired sampled multiple patterns. The state space representation for the desired pattern at the mth sampling point for the kth pattern is defined as [5, 6, 7] ( 1 
then the sampled data () k ym is used to form the forward Hankel matrix which is written as 1 2 3 ...
Generally, the parameter L is chosen between 4 / 3 N and 6 / 3 N . Combining Eq. (8) with Eq. (9), then Eq. (9) can be further factorized as follows:
Where (12) where   T denotes the matrix transpose.
IV. THE COMBINED MATRIX STRUCTURE
Because the solutions for the element positions can not be complex numbers, the forward-backward combined matrix must be employed. According to Eq. (9), the backward Hankel matrix is similarly expressed as 1 2 3 ...
Where
where * (.) denotes the complex conjugation. Hence the combined matrix structure constructed by the forwardbackward Hankel matrix is written as 
thus state space representation for the combined matrix structure can be written as
where
To obtain much more freedom and minimize the number of array elements, the synthesis of a non-uniform spaced array is desired. In this paper, we use the low-rank matrix to approximate the forward-backward data matrix, so the SVD method must be employed. Therefore Eq. (16) can be decomposed as [8, 9, 10] It is worthy to note that the above-mentioned diagonal matrix directly corresponds to the common element positions of the antenna array elements which can be computed from the diagonal elements of this matrix. Hence, the estimates of the common element positions can be computed as follows: According to our further study [12] , the state-space method, the forward-backward matrix pencil method and extended matrix pencil method presented respectively by Y. Liu et al. in [2, 3] are related and show nearly the same performance for the synthesis of the shaped-beam patterns. Hence, they are statistically equivalent. However, the state-space method is computationally more efficient in that only the eigenvalues of a  PP matrix have to be computed [6] . Because of the same performance between our method and Y. Liu's method shown in [2, 3] , the following numerical simulations mainly focus on the validity of our method for multiplepattern designs.
VI. SIMULATION RESULTS
A complicated multiple-pattern is considered shown in the literature [16] with Fig. 2 , which is composed of a pencil pattern, a flat-topped pattern, and a cosec-squared pattern. The multiple-pattern is generated by using 20 uniform elements with the half wavelength spacing. In this simulation, Fig.1 shows the reconstructed patterns for the desired multiple patterns with the state space method. As can be seen from Fig.1 , the proposed method accurately reconstructs the desired multiple patterns with only 16 elements on the common element locations. Table1 lists the optimized common element locations. The advantage of the proposed method can be further verified by observing the distribution of singular values and the poles shown in Fig.2 . As shown in Fig.2 , all of the poles are exactly located on the unit circle (shown in Fig. 2(a) ) and the singular values after the 16th value are nearly close to zero (shown in Fig. 2(b) ). The very small singular values can be discarded because those values make no contribution to the reconstruction. This is the reason that the proposed method can save the number of antenna elements. In this case, the number of antenna elements is reduced nearly 20%. Fig. 3(a) and Fig. 3(b) respectively show the optimized the phase and amplitude distributions of the reconstructed multiple patterns by using the proposed method with 16 elements. As shown in Fig.3 , both of the reconstructed pencil and flat-topped pattern have the symmetry amplitude-phase distributions, because the desired pencil and flat-topped pattern are axis symmetry. However the reconstructed cosec-squared pattern have the asymmetry amplitude-phase distributions, because the desired cosec-squared pattern is axis asymmetry. 
VII. CONCLUSION
A state-space synthesis method that reconstructs multiple patterns with the minimum number of elements is presented. The new synthesis method uses the sampled multiple pattern data that is represented by state-space model to form a combined Hankel matrix. There exists a constraint on the distribution of the poles in the combined Hankel matrix which achieves more accurate and robust synthesis performance consequently. By using the proposed methods, the optimal common element locations are found, individual amplitudes and phases for a multiple patterns are obtained, and the number of antenna elements is determined, the number of antenna elements can be saved nearly 20%.
